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Let X be a reflexive real Banach space, X* its conjugate space, (u*, U) the 
pairing between u* in X* and u in X. The purpose of this paper is to study the 
solvability of a nonlinear functional equation, which contains operators of 
monotone type and the solvability of variational inequalities for generalized 
pseudo-monotone operators, a concept which was introduced by Browder-Hess 
[41* 
More precisely, in Section 1, we establish the existence of solutions of the 
equation 
fEL(u) + T(u),fin X*, (1) 
when L is a nonlinear maximal monotone operator from X into 2x* and T an 
operator of type (M) from X into 2x*. T is not defined everywhere, but the 
domain of T contains a dense linear subspace of X. Equations of type (1) have 
been studied earlier by B&is [I] and by Gupta [5], when L is a linear maximal 
monotone operator from X into X* and T an operator of type (M) from X into 
X* with D(T) = X. 
In [4] one is asked to find a method of treating generalized pseudo-monotone 
operators which are not defined everywhere or even on a dense linear subspace. 
In view of this question we consider in Section 2 generalized pseudo-monotone 
operators T, which are defined on a closed convex subset K of X, and we prove 
the existence of solutions U, E K and u,” E T(u,) of the inequality: 
(f - 4, u - 24,) < 0 for all u in K, fin X*. 
In addition, we show the existence of solutions uO E K and u? E T(u,) of the 
evolution inequality: 
(f, 24 - 24,) - (uo*, 24. - 24,) - (u*, u - u,) < 0 (2) 
for all u E K n D(L) and u* E L(u). Here L is a nonlinear monotone operator 
from D(L) into 2X* compatible with K. Variational inequalities of the form (2) 
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for pseudo-monotone operators T have been treated earlier by BrCzis [I, 21, 
Browder [3] and Ton [6]. Theorem 3 extends these results. 
1. A NONLINEAR FUNCTIONAL EQUATION 
Let X be a real reflexive Banach space, X* its conjugate space, (u*, u) the 
pairing between u* in X* and u in X. Let T be an operator from X into 2x”. 
We define the effective domain D(T) of T by D(T) = {u E X: T(u) # la}. The 
graph of T is the subset of X x X* given by G(T) = {[u, u*]: u E X, u* E T(u)}. 
T is called a monotone operator if 
(u* - v*, u-v)>0 
for each pair of elements [u, u*] and [v, v*] of G(T). It is called a maximal 
monotone operator if, in addition, the graph of T is not properly contained in the 
graph of any other monotone operator TI from X into 2x’. It is said to be coercive 
if there exists a function c from R+ to R with c(r) + + co as Y + + co, such that 
oJ*, 4 2 41 u II) * II 11 II for all [u, u*] E G(T). 
We denote by J the normalized duality mapping from X into 2x*, i.e., 
J(u) = {u* E X”: (u*, u) = II u* II * II ~1 II, II a* II = II u II>. 
The symbols “+” and ‘I-” mean strong and weak convergence, respectively. 
DEFINITION 1. An operator T from X into 2x* is said to be of type (M) if 
the following is satisfied: If {[un , uf]} C G(T) is a sequence, and if u, - u in X, 
uz - u* in X* and limsup(uz , u, - u) < 0, then [u, u*] E G(T). It is said to 
be weakly closed if the above condition is satisfied without the assumption 
limsup(uz , 24, - u) < 0. 
DEFINITION 2 [4]. An operator T from X into 2x* is said to be quasi-bounded 
if for each M > 0 there exists K(M) > 0 such that if 11 u j[ < M, (u*, u) < 
M * 11 u Jj and [u, u*] E G(T), then 11 u* II < K(M). 
THEOREM 1. Let X be a rejlexive Banach space, L a weakly closed maximal 
monotone operator from X into 2X’ with [O, 0] E G(L) and T an operator from X 
into 2x” which is of type (M), quasi-bounded and coercive. Suppose that there 
exists a dense linear subspace X0 of X with X0 C D(T) such that for each jinite- 
dimensional subspace F of X0 , T is an upper semicontinuous operator from F into 
2x*, with X* given the weak topology, while for each u E X0 , T(u) is a bounded, 
closed and convex subset of X*. Then R(L + T) = X*. 
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Proof. For any f E X* the operator Tf defined by T,(u) = T(u) - f satisfies 
the same assumptions as T. It suffices therefore to prove that 0 E R(L + T). 
Now, for E > 0, we set I,, = (L-1 + <J-l)-‘. Then L, is a bounded maximal 
monotone operator from X into 2x* with domain D(L,) = X [4, Prop. 121. Let A 
be the directed set of finite dimensional subspaces F of X0 ordered by inclusion. 
For each F in A let jF be the injection mapping of F into X, j$ the dual mapping 
projecting X* onto F*. We set 
Since j,* is weakly continuous from X* into F* and L, is upper semicontinuous 
from the strong topology on X to the weak topology on X* [4, Prop. 81, A, is 
upper semicontinuous as an operator of F into 2F*. Clearly, AFs(u) is a compact 
convex subset of F* for each u in F. Now, let [u, w*] E G(A,,). Then there exist 
elements u* EL,(U) and V* E T(u) such that w* = j$(u* + TI*). We have 
(w”, u) = (u* + w*, u) 3 (w*, u) 3 ~(11 u Ii) . II 24 Ii, 
since [0, 0] lies in G(L,), i.e., the operator A,, is coercive with the same coercivity 
function as the operator T. So, it follows from [4, Prop. lo] that there exist 
elements uFE E F, u& E LF(uFE) and & E T(uFE) such that 
Now, we have 
0 = jf(u,* 1- z’* 
6 Fe ). (3) 
and it follows from the growth property of c(r) that there exists a constant 
M > 0 independent of F and E such that 
/I uF~ // < M for all F and E. (4) 
Since (uf. , uFJ > 0 we get from (3) that (v* FE, uFJ < 0. By the quasi-bounded- 
ness of T there exists a constant K(M) > 0 independent of F and F, such that 
1: GE II e wf) forallFEA and E>O. (5) 
Let E > 0 be given. The operator L, is bounded, so there exists a constant 
M, > 0 independent of F E A, such that 
II & II G Me for all F E A. (6) 
Since X0 is dense in X and the net {& + $JFEn is bounded, it follows from (3) 
that this net converges weakly to 0 in X*. For each F in A, we set 
VF, = u @F’E 9 &, 7 vs,J: F’ E A and F’ 3 Fj. 
409!671’-14 
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It follows from (4) (5) and (6) that V,, is contained in some closed ball B, in 
X x X*2 which is weakly compact since X is reflexive. The family {pFJFEn 
(where rFE denotes the weak closure of V,, in X x X*2) has the finite inter- 
section property and hence 
Let [uE , UT, $1 be an element contained in this intersection. Then there exists 
a subnet {b,+ , ~2 , ~,*,l>~E~~ of ([uFE , u& , $J>FE~ such that 
us, - UC > u**E - IA,* and * v**< - VE . 
Clearly, u$ + 7~: = 0. We consider the space X,, as a subspace of X x X*s. 
Let $ be an arbitrary element of A. Then it follows from [4, Prop. 1 l] that there 
exists an increasing sequence of subspaces {Fh} in A with F C Fl and for each 
k E N an element [uFkE , uzkE , o;~,], such that 
u * ke = UFp - ut > and 
* vkc = vFkr - v$. 
However, (u;E*, + z$ , V) -+ 0 as k + co, for each ZI E Xr = cl(ukFk). The 
element u, lies in X, , hence lim,(z& + vz , ukr - u,) = 0. Let w$ be any 
element of L,(u,). Using the monotonicity of L, , we see from 
0 < (& - w,*, llkr - u,) = (u;c”E + vk*, - vk*, - w:, Ukc - UC) 
that 
lim sup(z$ , ukr - 24,) < 0, 
k 
which implies that [u, , $1 E G(T), since T is of type (M). By definition, u$!? 
lies in Lr(ukJ if and only if there exists A,, E X such that 
6~ E L@kc), xk, = uks - ?kG where fkr E uf-%dd 
By the monotonicity of L 
(d , Uke - ?k,) b O, i.e., 
We see from (4) and (5) that there exists a constant C independent of k E N and 
E > 0 such that 
(4i % uk,) = (-u: , ukc) < c2. (8) 
It then follows from (7) and (8) that 
E * 11 UC< 11 = 11 ukc - ‘+c, 11 < Z/p’ c. (9) 
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We may assume that h,, - X, in X, and the weak closedness of L implies that 
P, t $1 E G(L). N ow, using the weak lower semicontinuity of the norm in X, 
we get from (9) that j\ U, - X, 11 < & C. So yt == ur - h, ---f 0 strongly in X as 
E --+ 0. Let (~3 be a sequence of positive numbers such that E,, --, 0 as n - JZ. 
We may assume that there exist u,] E X and uf, ~2’ E S* such that 
u Eni %J 9 ur”, - UC: and z’ 
* 
E”L -L 7g. 
Clearly, hen = u, - yr - u, and since L is weakly closed the element [u, , u,*] 
lies in G(L). Using the “monotonicity of L, we see from 
that 
which implies that [uO , ~$1 E G(T) since T is of type (M). Thus 0 = 21: + 7;: E 
L(u,) + T(u,) and the proof of the theorem is complete. 
Remark I. Because of the coercivity assumption, the set K = (U ES: 
0 EL(U) + T(u)} is bounded. From the hypotheses on the operators L and T, 
one can prove that K is also weakly sequentially closed, i.e., K is weakly compact. 
Remark 2. Theorem 1 above generalizes results of BrCzis [I] and Gupta [5]. 
On the other hand, it seems to provide a satisfactory answer to a question in [5]. 
Remark 3. Browder-Hess [4] require in their existence theorem for densely 
defined generalized pseudo-monotone operators T that for each u E D(T), T(u) 
is a bounded, closed and convex subset of X*. As in Theorem 1, one need only 
make this assumption on the dense linear subspace AYs C D(T). 
2. K~NLINEAR lTARIA~~ONA~, INEQUALITIES 
In this section we study variational inequalities for generalized pseudo- 
monotone operators. 
DEFINITIOK 3. Let K be a closed convex subset of the reflexive Banach 
space X, Tan operator from K into 2 X*. Then T is said to be generalizedpseudo- 
monotone from K into 2x” if the following conditions hold: 
(a) For each u E K, the set T(u) is nonempty, bounded, closed and convex 
in X”. 
(b) For each finite-dimensional subspace F of X, T is upper semicon- 
tinuous from K n F into 2X*, with X* given its weak topology. 
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(c) If {un} is a sequence in K, {u:} a sequence in X* with uf E T(u,) for 
each n, and if u, - u E K, u$ - u* in X*, and limsup(uz, un - U) < 0 then 
u* E T(u) and (ut , u,) + (u*, u). 
THEOREM 2. Let X be a reflexive Banach space, K a closed convex subset of X 
with 0 E K, and T a generalized pseudo-monotone operator from K into 2x*. 
Suppose that T is quasi-bounded and coercive on K. Then for each f  in X*, there 
exist u, E K and uf c T(u,) such that 
(f - 4, u - u,) < 0 
for all u in K. 
Proof. For any f  in X* the operator Tf defined by 
T,(u) = T(u) -f 
satisfies the same hypotheses as the original operator T. It suffices therefore to 
prove the existence of u, E K and ut E T(u,) such that 
for all u E K. 
(6, 24, - u) < 0 
Let A be the family of all finite-dimensional subspaces F of X, ordered by 
inclusion. By Proposition 16 of [4], f or each F in A there exist ur E K n F and 
u$ E T(uF) such that 
(uF*, UF - U) < 0 (10) 
for all u E K n F. Since u = 0 lies in K n F for each F. it follows that 
The coerciveness of T implies that the elements (uF} are uniformly bounded by 
a constant M for all FE A. By the quasi-boundedness of T, the elements {uf} 
are uniformly bounded by a constant K(M) for all F E A. For each F in A, we set 
v, = u {[UF’ , Z&j: F’3 F}. 
Then VF is contained in some closed ball B in X x X*. Since B is weakly 
compact and the family {vF}FEA ( w h ere FF denotes the weak closure of V, in 
X x X*) has the finite intersection property, it follows that 
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Let [uO , ut] be an element contained in this intersection, and let u E K be given. 
We chooseF E A such that it contains the elements U, and U. Since [u,, , ~$1 E r, , 
there exists a sequence {F,) in A, F, 1 F for every n, such that 
From (10) we get 
for all v E K n F, . In particular, (11) holds for u = u, E K, hence 
(4 7 un - u,) d 0 
for all n E P+l, which implies that 
lim sup(un* , u, - uO) < 0. 
By the generalized pseudo-monotonicity of T, it follows that ut E T(u,) and 
(4, u,) + (u:, u,). Now we get from (11) for o = u 
(4, %I - 4 < 0 
for all n E N, which implies for n -+ co 
(4, u, - u) < 0. 
Since U, , uf are independent of u, this inequality holds for all u E K. The proof 
of Theorem 2 is complete. 
DEFINITION 4 [l]. Let X be a Banach space, K a subset of X and L a mono- 
tone operator from D(L) C X into 2 x*. L is said to be compatible with K if the 
following condition is satisfied: For any u E K there exist a sequence (~3 in 
K n D(L) and a sequence {r$> in X* with z$ EL(v,) such that: 
v,-+u in X, lim sup(vz , V~ - U) < 0. 
THEOREM 3. Let X be a rejexive Banach space, K a closed convex subset of X 
with 0 E K, and T a generalized pseudo-monotone operatm from K into 2x* which 
is quasi-bounded and coercive on K. Let L be a monotone operator from D(L) C X 
into 2x’, such that L is compatible with K and [0, 0] lies in G(L). Then for each f  
in X*, there exist u, E K and u$ E T(u,) such that 
(f,u - %> - (4, u - 24,) - (u*, u - 24,) < 0 
for all u E K n D(L) and u* EL(U). 
In proving Theorem 3, we shall need the following lemma. 
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LEMMA. Let X be a reflexive Banach space, K a closed convex subset of X, ana’ 
T a generalized pseudo-monotone operator from K into 2x*. Furthermore, let L be a 
bounded maximal monotone operator from X into 2x’. Then N = L + T is a 
generalized pseudo-monotone operator from K into 2x’. 
Proof. The maximal monotone operator L satisfies the conditions (a) and (b) 
of the Definition 3 [4, Prop. 81. So, N also satisfies these conditions. 
Now, let {u,,} be a sequence in K with u, - u, and consider a sequence {u$ 
in X* with ut - U* in X* and uz E N(u,), such that 
For each n, let 
lim sup($) un - u) < 0. 
u,*=w,*+v,*, 4 EL(%), v: E T(u,). 
Since L is bounded, we may assume (after passing to an infinite subsequence) 
that wz - w* in X*. Then {vt} converges weakly to u* - w* in X* as n -+ co. 
We have 
lim inf(wz , u, - u) + lim sup(vz , 24, - 14) < 0. 
We first consider the case where liminf (wt , u, - u) < 0. Since L is maximal 
monotone, it follows that w* EL(U) and (w$, u,) -+ (w*, u). Then we get 
limsup(v2, u, - u) < 0, which implies that u* - w* E T(u) and (vg, u,) -+ 
(u* - w*, u), since T is generalized pseudo-monotone. Hence, u* E N(u) and 
(4 9 %a> -+ (u*, u). In an analogous way, we obtain the same relations in the case 
limsup(vz , un - u) < 0. Therefore, N is a generalized pseudo-monotone 
operator from K into 2**. 
Proof of Theorem 3. We may assume without loss of generality that L is 
maximal monotone from X into 2x*. Indeed, by Zorn’s lemma L has a maximal 
monotone extension L, from X into 2 X*. If we consider the corresponding 
problem with L replaced by L, , any solution [uO , ut] for the new problem will 
be a solution for the original problem. Hence we may assume that L itself is 
maximal. On the other hand, it suffices to prove the result of Theorem 3 with 
f  = 0. 
Now, for E > 0, set L, = (L-l + cJ-I)-‘. Then L, is a bounded, maximal 
monotone operator from X into 2x* with domain D(L,) = X. Since [0, 0] lies in 
G(L,), we have for each u E K, w* E L,(u) and v* E T(u) 
(w* + v*, 4 > cv*, 4 z 41 24 II) . II u II 
i.e., the operator N, = L, + T is coercive. By the lemma, N, is a generalized 
pseudo-monotone operator from K into 2 x*. Applying Theorem 2 we conclude 
that there exist elements ur E K, w,* E L,(u,) and UT E T(u,) such that 
(47 4 - u) + (UT, u, - u) < 0 for all u E K. 
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Taking u = 0, we obtain 
(UT> 4) + (WT, u,) < 0 
which implies 
(UT, u,) < 0 
since [0, 0] E G&J. By the coercivity and the quasi-boundedness of T there 
exist constants M > 0 and K(M) > 0, such that 
II us /I G M, II 6 !I < J-wf) for all E > 0. (12) 
By definition of L, , w$ lies in L,(u,) if and only if there exists A, E D(L) such that 
we* E JWJ and A, = UC - Ep< with Ps E J-'bo. 
By the monotonicity of L, it follows that 
(w$, 24, - cpJ > 0 i.e., (w:, u,) > E * Ii w,* 1;‘. 
From (12), we see that 
(d, %> G (-4, 4) < c2 
where C is a constant independent of E. Then 
/I u, - A, II = E - /I wT j/ < 6 - C, 
which implies Us - A, + 0 strongly in X as E + 0. Let (en} be a sequence of 
positive numbers such that E, -+ 0 as 12 -+ co. We may assume that there exist 
u, E K and ut E X* such that 
24, = uen- u, in K and u,* = u6*,- ut in X*. 
We have 
(4 9 u,--Zl)+(W,*,X,+E,P,--u)$O for all u E K, 
which implies 
(un* 9 %-~>+(Wn*,~,--)~o for all u E K, 
since E, . (w$, pn) = E, . I( w*, /I2 > 0. By the monotonicity of L, we get 
(4 7 24, - u) + (u*, A, - u) < 0 
for all u E K n D(L) and u* EL(U). Let n + 00, we obtain: 
lim sup(u,* , 24, - u) < (u*, u - 24,) (13) 
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for all u E K n D(L) an d u* EL(~). Since L is compatible with K there exists a 
sequence {v~} in K n D(L) an d a sequence (713 in X* with of ~L(er,) such that 
{zlnz> converges strongly to u, and limsup(v2 , v’, - uO) < 0. We have 
Using the inequality (13) we obtain 
Let m -+ co, then we get 
lim sup(u,* , % - u,) < 0, 
which implies that ut E T(u,) and (uz, u,) -+ (ut, uO), since T is generalized 
pseudo-monotone. It then follows that 
(4, 24, - u) + (u*, u, - u) < 0 
for all u E K n D(L) and u* E L(u). Thus the proof of Theorem 3 is complete. 
Remark 4. The existence of solutions of the inequality (2) was proved by 
BrCzis [ 1,2] in the case that L is a monotone operator from X into X* and T a 
pseudo-monotone operator from X into X *. The multivalued case was studied 
by Browder [3]. However, BrCzis proved in [2] the solvability of the inequality 
(2) without the hypothesis of compatibility of L with K. But the pseudo-mono- 
tone operators were defined with filters. It seems to be impossible to prove the 
above theorem without the hypothesis of compatibility. 
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